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Abstract 
Van Douwen, E.K. and G. M. Reed, On chain conditions in Moore spaces II, Topology and its 
Applications 39 (1991) 65-69. 
iti this paper, the authors answer three questions raised by the second author in [ 141: (1) It is 
independent of and consistent with ZFC that the product of two Moore spaces, each having the 
countable chain condition, also has the countable chain condition. (2) There exist in ZFC two 
Moore spaces, each having the discrete countable chain condition, such that their product does 
not have the discrete countable chain condition. (3) There exists a pseudo-compact Moore space 
which contains a copy of every metric space of cardinality SC. 
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. Intro ion 
A space has the countable chain condition (CCC) provided it does not contain an 
uncountable collection of mutually disjoint open sets. A space has the discrete 
countable chain condition (DCCC) provided it does not contain a discrete, uncount- 
able collection of mutually disjoint open sets. There has been considerable work 
done concerning the relationship between these two properties and separa 
various topological spaces. Examples of nseparable Moore spaces ha 
CCC were given in [17, 111. Examples of oore spaces having the DCCC tt_z~ nor 
the CCC were given in [l3, 141. In Section 2, we answer questions raise 
by showing that (1) the productivity of the CCC in Moore s aces is independent 
of and consistent with ZFC, and (2) the reductive in Moore spaces. 
* The author would like to dedicate this paper to the memory of Eric van ouwen. As a matkmatician 
and as a friend, he is missed daily. 
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A space has the discreteJinite chain condition (DFCC) provided it does not contain 
a discrete, infinite collection of mutually disjoint open sets. In [ 141, Moore spaces 
with the DFCC were shown to be separable. Furthermore, it was observed in [14] 
that (1) Moore spaces having the DFCC are precisely those Moore spaces which 
are Moore-closed (i.e., Moore spaces which are closed subsets of each Moore spaces 
in which they can be embedded), and (2) for completely regular Moore spaces, the 
DFCC, Moore-closure, and pseudo-compactness are equivalent. Hence, it follows 
from results in [l] that the product of two Moore spaces, each having the DFCC, 
also has the DFCC. However, the question was raised in [14] as to whether each 
metric space of cardinality SC can be embedded in a pseudo-compact Moore space? 
By the above results, each pseudo-compact Moore space is separable, and from [5] 
each Moore-closed space (hence, each pseudo-compact Moore space) is complete. 
Thus the embedding question concerns both a completion and a separable extension. 
This question was motivated by the result of Ott in [lo] that each metric space of 
cardinality SC can be embedded in a complete, separable Moore space. In turn, 
this question has since motivated the work in [ 16,2,12] on separable extensions of 
first countable spaces. In Section 3, we show that indeed there exists a pseudo- 
compact Moore space which contains a copy of every metric space of cardinality SC. 
2. Products 
To establish results about the productivity of the CCC and the DCCC in Moore 
spaces we shall first reduce the relevant questions to the context of first countable 
spaces. 
From [14, IS], we can associate a Moore space d(X) to each regular, first 
countable T,-space X as follows: 
For each x E X, denote by {u,(x)} a sequence of open sets in X which forms a 
local base at x such that for each n, un+, (x) c u,(x). Now, for each positive integer 
m, let A,,,={(n,, n?,.. . , n,)ln,= 1 and for 1 s is m, ni is a positive integer}. Let 
A=UE=,A,n. Foreach a=(n,,q ,..., n,,) E A, denote by S, a unique copy of X 
such that all copies are pairwise disjoint. And for each x E X, denote by 
(X,1, X”Z, l l . , x,,,) the element of Sa which is identified with x. L,et A(X) = 
U (S, 1 a E A} and define a development for A(X) as follows: For each positive 
integerj, a=(ir,,n2 ,..., n,)EA,andp=(y,,,y,, ,..., ynm)ESn, let gi(p)={p}u 
~(x~l,x~2,~~~,X,,,,~klr~k2,~~~ , xkc) 1 x E x, c is a positive integer, for I s i s c, ki aj, 
and XE ukl+j(y) in X). 
It follows that B = {gj( p) 1 p E A(X), j is a positive integer} is a basis for topology 
on d(X) and that {G,}, where for each n, C,={gj(p)lp.d(X) and jan}, is a 
development for the Moore space d(X). 
erties 0 ). In [ 151, it was ncted that A(X) (i) is separable, (ii) is locally 
separable, (iii) has the CCC, or (iv) has the DCCC iff X has the corresponding 
On chain conditions in Moore spaces II 67 
property. Hence, if X is w1 with the order topology, then .4(X) is a Moore space 
with the DCCC but not the CCC; if X is a Souslin line, then 4(X) is a nonseparable 
Moore space with the CCC. Furthermore, from [ 151, if $ is the natural map from 
.4(X) onto X such that for ~=(x,,,x,,,...,x,,)~~(X), f(pj=x, then f is 
continuous, countable-to-one, and open. 
Suppose f is a continuous function from the topological space X to the 
topological space Y. Then X does not have the CCC (respectively, DCCC) if Y does 
not have the CCC (respectively, DCCC). 
roof. Straightforward. Cl 
Theorem 2. If X and Y are regular, first countable T2-spaces, then A(X) x A( Y) 
does not have the CCC (respectively, DCCC) if X x Y does not have the CCC 
(respectively, DCCC). 
roof. Let X and Y be regular first countable T2-spaces. Then d(X) and .4( Y) 
are the associated Moore spaces. Let fx and f,, denote the natural mappings from 
.4(X) to X and & ( Y) to Y, respectively. It follows that the product mapping g 
from .4(X) x A( Y) to X x Y is continuous, where g[(x, y)] = (fJx), f,,(y)). Hence 
the theorem follows from Lemma 1. q 
heorem 3. If there exist topological spaces X and Y, each having the CCC, such that 
their product does not have the CCC, then there exist two such spaces which are also 
Moore spaces. 
roof. Suppose X and Y are as stated. Then by results of the first author (see [3]), 
there exist zero-dimensional, first countable T2-spaces X’ and Y’ having the same 
properties. It follows from Theorem 2 that .&(X’) and A( Y’) are the required 
Moore spaces. Cl 
It is independent of and consistent with ZFC that the product of two ore 
spaces, each having the CCC, also has the CCC. 
oof. Under MA+lCH, the product of any two spaces, each having the CCC, 
o has the CCC [7]. 
The existence of a Souslin line was established under V = L by Jensen in [6]. 
Kurepa showed in [8,9] that the product of a Souslin line with itself does not have 
tne CCC. Since a Souslin line is a regular, nonseparable, first countable T,-space 
with the CCC, the existence of the required oore spaces uklder V = 
from Theorem 2. Alternativ Galvi 
T2-spaces under CI-I in [3]. us, bY 
exist simply under C 
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Example 5. There exist two Moore spaces, each having the DCCC, such that their 
product does not have the DCCC. 
Proof. Let Z, and Z2 denote two disjoint stationary sets in wl, and let K denote 
the nonlimit ordinals in ol. Consider X = 2, u K and Y = Z2 u K, each having the 
subspace topology inherited from o1 with the order topology. Clearly, each of X 
and Y is a regular, first countable &-space with the DCCC. However, the diagonal 
of X x Y = K x K is both open and closed in X x Y. Hence, {((k, k)} 1 k E K} is a 
discrete collection of pairwise disjoint open sets in X x Y, and X x Y does not have 
the DCCC. By Theorem 2, .lu( X) and A( Y) are the required Moore spaces. 0 
3. Embeddings 
Theorem 6. There exists Q pseudo-compact Moore space which contains a copy of every 
metric space of cardinality SC. 
Proof. Let # denote the pseudo-compact, nonmetrizable Moore space constructed 
in 51 of [4]. Recall # = D u K, where K is countable and D is discrete with IDl= c. 
Let X = # and let 2 = {x,} u (X x (0, 11). Define a topology on 2 as follows: 
( 1) X x (0,l J has the product topology, and 
(2) for each 0 c E < 1, NF (x,) = {x,} u (X x (0, E)) is an open set containing xoo .
Clearly, Z is completely regular and first countable. Furthermore, since Y = 
X x [0, l] is pseudo-compact and 2 is a continuous image of Y, 2 is also pseudo- 
compact. Also, since 2 is first countable and the union of a discrete set and a 
developable subspace, 2 is a Moore space. Finally, H = (D x (0, 11) u {x,} is a 
subspace of 2 which is clearly homeomorphic to a hedgehog with c spines. Hence, 
2” is a pseudo-compact Moore space which contains a copy of every metric space 
of cardinality SC. 0 
Remarks. The results in this paper were presented at the 1976 Prague Topology 
Symposium and at the January, 1985 national meeting of the American Mathematical 
Society in Anaheim, CA. However, the construction utilized in Theorem 6 is a great 
simplification of our original “geometric” construction presented at the 1976 Prague 
Symposium. Stephenson has recently observed in [ 181 that there exists a metrizable 
space of cardinality ol w hich cannot be densely embedded in a pseudo-compact 
Moore space. 
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